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. Abstract 

2 I By considering AdS^ x 5*^ string states with large angular momenta in 5*^ one 

T^-j- ' is able to provide non-trivial quantitative checks of the AdS/CFT duality. A string 

O ■ rotating in with two angular momenta Ji, J2 is dual to an operator in A/" = 4 SYM 

^ . theory whose conformal dimension can be computed by diagonalizing a (generalization 

^ ', of) spin 1/2 Heisenberg chain Hamiltonian. It was recently argued and verified to 

Q I lowest order in a large J = Ji + J2 expansion, that the Heisenberg chain can be 

' described using a non-relativistic low energy effective 2-d action for a unit vector field 

^ ■ Ui which exactly matches the corresponding large J limit of the classical AdS^ x 

^ . string action. In this paper we show that this agreement extends to the next order 

and develop a systematic procedure to compute higher orders in such large angular 
momentum expansion. This involves several non-trivial steps. On the string side, we 
need to choose a special gauge with a non-diagonal world-sheet metric which insures 
that the angular momentum is uniformly distributed along the string, as indeed is the 
case on the spin chain side. We need also to implement an order by order redefinition 
of the field rij to get an action linear in the time derivative. On the spin chain side, 
it turns out to be crucial to include the effects of integrating out short wave-length 
modes. In this way we gain a better understanding of how (a subsector of) the string 
sigma model emerges from the dual gauge theory, allowing us to demonstrate the 
duality beyond comparing particular examples of states with large J. 
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1 Introduction 



Understanding AdS/CFT duality beyond the BPS or near BPS pOj limit remains an 
important challenge. It was suggested in j2] that concentrating on string states with 
large quantum numbers, like angular momentum in AdS^, one finds a qualitative 
(modulo interpolating function of 't Hooft coupling A) agreement between the AdS^ 
string energies and anomalous dimensions of the corresponding gauge theory operators 
(see also |21 IH E])- About a year ago, it was observed [H] that semiclassical string 
states with several non-zero angular momenta (with large total momentum J) have 
a remarkable property that their energy admits an analytic expansion in A = at 
large J. * It was proposed, therefore, that the coefficients of such an expansion can be 
matched precisely with the perturbative anomalous dimensions of the corresponding 
scalar SYM operators computed in the same J ^ oo, A < 1 limit [H]. That would 
provide the first quantitative check of AdS/CFT duality far from the BPS limit. The 
reason for this expectation was that for such special solutions all string a' ~ 
corrections might be suppressed in the large J limit (as was explicitly checked for a 
particular case in j^j; see also ^U] for a review). Then, the classical string energy 
would represent an exact string theory prediction in this limit. This proposal received 
a spectacular confirmation in fn\ [T2\ where the one-loop anomalous dimensions of 
the relevant scalar SYM operators were computed utilizing a remarkable Heisenberg 
spin chain interpretation of the one-loop anomalous dimension in the scalar sector 
[T^ and taking the thermodynamic J — > oo limit of the Bethe ansatz solution for 
the eigenvalues. The detailed agreement of the functional dependence of the leading 
"one-loop" coefficient on the ratio of spins for "inhomogeneous" folded and circular 
rotating string solutions was further demonstrated in ^5 ^1 E] • Same was found 
also for the "homogeneous" fHl two-spin circular solutions ^\ and for particular 
three-spin states [IHllini- This agreement was extended to the "two- loop" level using 
integrable model/Bethe ansatz techniques [201 [T7j. 

One would obviously like to achieve a better understanding of how and why this 
correspondence between the string theory and gauge theory works, e.g., the general 
rules of how particular string states are mapped onto particular SYM states. It would 
be interesting to see how string sigma model world-sheet action emerges on the gauge 
theory side (cf. PP), allowing one to go beyond discussion of matching of individual 
states. An important suggestion in this direction was made recently in |2I], and our 
aim here will be to further clarify and extend it beyond the leading ("one- loop") 
order. 

In more detail, here we would like to try to understand in general the correspon- 
dence between ("semiclassical") string states with two large angular momenta Ji, J2 
in and single-trace SYM operators Oj^^j^ = tr ($f'$2^ + . . .) ($i,$2 are two 
complex combinations of SYM scalars). The main assumption is that the limit 

J=Ji + J2>l, A = 47 = fixed<l, (1.1) 


*Earlicr examples of similar solutions were found in |31[71|S]. 
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i.e. the expansion in powers of j and A is well-defined on both the string and the 
SYM sides of the duality. The classical energy of such rotating string solutions admits 
the following expansion jB] 

E = JF{^,\), F = I + C1A + C2P + ... , (1.2) 

where q depend on ratios of spins (and other parameters like winding numbers). 
If quantum string corrections to q are suppressed by extra powers of i 0, the 
classical string energy p.2|) should represent the exact string result in the large J 
limit. Then the AdS/CFT duality implies that one should be able to match (jl.2|) with 
dimensions of the corresponding SYM operators found in the same limit. Indeed, 
it was demonstrated in [TTJ HU [13 [12] and [201 [HI that energies of a particular 
classical rotating 2-spin string solutions agree precisely with anomalous dimensions 
of the corresponding SYM operators at the first two - "one-loop" and "two-loop" - 
orders in expansion in A at large J. There is also matching at the level of integrable 
structures [221 [lEj clarified and established in general in [T7j . 

The one-loop anomalous dimension matrix in the sector of 2-spin operators Oj^j^ 
happens to be equivalent to the ferromagnetic Heisenberg XXX1/2 {SU{2)) spin chain 
Hamiltonian H [T2] . With the 2- loop [21] and 3- loop [211 12Z1 12H] corrections included 
H may be interpreted as a generalized spin chain Hamiltonian containing further next 
to nearest neighbor interactions. To find the eigenvalues of H in the one-loop approx- 
imation one is able to apply the Bethe ansatz techniques with crucial simplification 
of thermodynamic limit J — > 00 [T^ [T7j . Furthermore, one is able to extend 
this to the two-loop level by embedding [20] the anomalous dimension operator into 
a particular integrable spin chain system and then again utilize the thermodynamic 
limit of the Bethe ansatz I17j. Using the Bethe ansatz for the spin chain on the 
gauge side and integrability of the classical sigma model on the string side ref. [T7] 
managed to prove the one-loop and two-loop matching for generic solutions. 

Our approach below will be simpler and in a sense complementary to the one 
of ^Tj based on integrability. Following [2J|, we would like to establish a more di- 
rect way of comparing the string and SYM results without the need to go through 
detailed analysis of particular solutions (or their general classification) and use of 
complicated Bethe ansatz techniques which seem hard to extend beyond few leading 
orders without knowledge of integrability of the exact spin chain Hamiltonian. The 
idea is to extract an effective 2-d action describing low-energy states of the ferro- 
magnetic Heisenberg spin chain in the limit J — 00, A =fixed and then to show 
that it agrees with the string sigma model action expanded in the same limit. On 
the string side that would correspond to "gauging away" a collective coordinate as- 
sociated with the total (orbital and internal) 5*^ spin J (which may be viewed as 
a non-trivial generalization of light-cone gauge fixing in the BMN case P).^ An 
agreement between the resulting effective spin chain and string actions would then 

^This amounts to a reorganization of the classical string action in the large J sector so that the 
expansion effectively goes in powers of A ~ A and thus corresponds to a "near zero-tension" |29) 



3 



imply an agreement between energies of particular solutions/states (as well as match- 
ing of underlying integrable structures). As a consequence, one can directly relate 
the target space spinning string configurations to configurations of 1-d spins PT| . 
a non-trivial connection which emerged also in the Bethe ansatz approach fT] EI • 
Once the configurations are related, many questions, as for example the agreement 
between Bethe-Ansatz and sigma model calculations, between integrable structures 
etc. become questions regarding the spin chain Hamiltonian and not the AdS/CFT 
correspondence. By that we mean that the agreement is between two different ways 
of describing a spin chain, a low energy description in terms of an effective action or 
an exact description using the integrability properties of the model. The AdS/CFT 
correspondence simply establishes that one of those two ways is directly related to (a 
limit of) the action of a string moving in a specific target space. 

By starting with the one-loop expression for the dilatation operator 

H = ^ E(l - a, ■ a.+i) , alai = 6^^ + le^^'a^ , (1.3) 



a=l 



one finds |2I] (see, e.g., [23 I21j and refs. there) that the corresponding action in 
coherent state [22] ((^l^'al'^) = ''^a^ {n^Y = 1, = 1,2,3) path integral is 



r ^ 

S = dt E Lwz(?^a) - (?^|H|n) 

a=l 



;i-4) 



{n\R\n) = E(na+i - nj^ , (1.5) 

^l^^j a=l 

where Lwz('T'a) depends on Ua only at a given site a and is linear in dfUa.^ Since we 
are interested in the limit of J ^ oo with A fixed this suggests to take the continuum 
limit, introducing n{a), < a < 27r, with = n{^). We then finish with 

dt —L, L = Ct{n) - -\{d^n)\ d, = , (1.6) 
JO Ztv a 

where we set L-wz('^) = Ct{n) to indicate that this term is linear in dtu^. The equation 
of motion corresponding to (|1.6|) are the classical ferromagnet or Landau-Lifshitz (LL) 
equation^ 

dtrii = -A eijkUjdfnk . (1.7) 

limit. Related large J limit in the classical string equations was considered from a geometric point 
of view in . 

■'■^wz may be viewed as an analog of the usual "pg" term, i.e. this non-relativistic action may 
be interpreted as a phase space action with Ui describing both coordinates and momenta. This 
ensures proper commutation relations if we reverse the logic and promote rii to quantum operators: 
hi = (jj, [fii.fij] = 2ieijknk- 

§Thc LL equation describes evolution in time of magnetization vector of a (onc-dimensional in 
the present context) macroscopic ferromagnet (see, e.g., \2'6\ \'6l\ ). 
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We have omitted higher-derivative terms coming from (rZa+i — Ua)'^ since they are 
suppressed by powers of j. We further observe that since J is the coefficient in 
front of the action, it plays the role of the inverse Planck constant in the spin chain 
path integral. Then in the limit when J ^ oo and A =fixed one should be able to 
ignore quantum corrections and thus to treat as a classical action that should be 
matched to the string action expanded in the same limit. This matching was indeed 
demonstrated in [21] and will be further discussed and extended to higher orders in 
A below. 

We should remark that at higher loops, the operators of interest are still described 
by a spin s = | chain and only the Hamiltonian gets modified. At each loop interac- 
tions involving larger number of neighbors are introduced. However, at least at the 
next order, the interaction is still ferromagnetic (for small A) and therefore, at low 
energy, the description of the system in terms of long-wave length spin waves should 
be valid. The low energy effective action governing these modes contains, a priori, 
all possible terms compatible with the symmetries. Our task is then to compute the 
corresponding coefficients which should include the effects of integrating out the high 
momentum modes. 

Thus, with higher- loop corrections included in H in ()1.3p . we expect to find a 
low-energy effective action analog of ()1.6p . ()1.7|) with higher powers of A multiplying 
higher derivatives of Ui 



L = Ctin) - H{din, d^n, d^n, . . .] 



H = ao\{dinf + A^ 



+ X' 



;i.9) 



We have written down all possible local structures with 4 and 6 spatial derivatives 
built out of a unit vector field nj(t, a) (modulo integration by parts). The coefficients 
ao, ai, 02, ... are determined by detailed microscopies of the spin chain. ^ 

It is useful to note that since (jl.7|) and L in or (jl.8|) are linear in time 

derivatives, the overall factor of A in if can be absorbed into a rescaling of the time 
coordinate (this does not change the coefficient in front of the action ()1.6p ) 



L-^L = Ct{n) - a^idmf - \[ai{dlnf + a2{dinY] + 



;i.io) 



Our first aim below will be to show, generalizing the suggestion of j2l], how such 
an action with a single time derivative (in Ct{n) term) but containing all orders of 
derivatives in a, emerges from the usual second-time-derivative AdS^ x sigma 
model action expanded in the limit J — > oo, A < 1. In the 2-spin sector the classical 
string equations in AdS^ x expanded for large spin reduce to a higher-derivative 

^In principle, one could use the knowledge of a few families of microscopic solutions to fix these 
coefficients, but it turns out one can work with general field configurations, as we will show in Section 
II 
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generalization of the LL equation for a unit 3-vector rii describing a shape of a string 
rotating in two orthogonal planes. It is remarkable that such a non-relativistic "clas- 
sical ferromagnetic" action containing all orders in spatial derivatives but only first 
order in time derivative happens to be a particular "re-expansion" (in the A — ^ 
limit) of the usual relativistic string sigma model action. 

Next, we will compare the coefficients in H (jl.9|) appearing from the (quantum) 
spin chain with the corresponding coefficients coming out of the string sigma model 
action. We shall conclude, in full agreement with the previous results based on Bethe 
ansatz technique [201 [T7] , that the correspondence does extend to the next ( "two- 
loop" ) order. We shall find that beyond the leading A order one is not able to ignore 
quantum corrections on the spin chain side: before taking the continuum limit one 
should compute a quantum effective action analog of ()1.4|1 . While the terms quadratic 
in rii in ()1.9p are indeed correctly found by simply taking the continuum limit of the 
coherent state expectation value of the spin chain Hamiltonian equal to the SYM 
dilatation operator, to reproduce the and higher order terms one needs to take 
into account quantum corrections. We shall also discuss how the matching should 
work at the "three-loop" A'^ order but detailed quantum computations on the spin 
chain side (beyond the evaluation of the corresponding coherent state expectation 
value (n|H|n)) will not be described here. 

The rest of this paper is organized as follows. In section |21 we discuss the large 
angular momentum limit of the string action. We first consider the conformal gauge 
(section 12. 2j) and obtain the expansion of the action in powers of A. Although this 
approach happens to be enough up to second order in A, at higher orders the action 
contains non-local terms. For that reason in section 1?!^ we develop a more systematic 
expansion by finding an appropriate "uniform" gauge and applying an order by order 
field redefinition to eliminate terms which are non-linear in time derivatives. In section 
iniwe take the continuum limit of the coherent state expectation value (n|H|?T,) of the 
spin chain Hamiltonian representing the SYM dilatation operator with two-loop and 
three-loop corrections included. We show, however, that this naive approach does 
not reproduce the full string results at A^ and A^ orders. In section |3] we compute 
quantum corrections to the effective action of the spin chain coming from integrating 
out high energy modes. They turn out to contribute starting with A^ order and after 
including them we find perfect agreement with the string side at this order. In section 
|5]we perform some checks of the A^ result for particular two-spin string configurations. 
Concluding remarks are made in section IHl Appendices contain some technical details 
and useful relations. 

2 Generalized "classical magnetic" action from 
string sigma model on R x 

Our first task will be to show how the action (jl.8j) appears from the standard string 
sigma model action on RxS"^. Here R factor represents the time direction in AdS^ and 
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factor is from S^: we shall consider only string configurations that are located in 
the center of AdS^ and belong to C S^. They may carry two out of three possible 
independent angular momenta and should describe string states corresponding to 
eigenstates of closed SU{2) subsector of anomalous dimension matrix or spin chain 
Hamiltonian. There exists a generalization of the procedure described below to the 
3-spin {SU{3)) sector but it will not be discussed here. 

2.1 Parametrization of R x 

The metric of R x space-time can be parametrized as follows 

rfs^ = + |^Xip + IrfXap , |Xi|2 + IX2P = 1 , (2.1) 

Xi = Xi + iX2 = cosip e^^^ , X2 = X3 + iX^ = sinip e*'^^ . (2.2) 

In this parametrization string states that carry two angular momenta Ji, J2 should be 
rotating in the two orthogonal planes {Xi,X2) and (X3,X4) (see [31101 for details). 
To consider the limit of large total spin J = Ji + J2 we would like to isolate the corre- 
sponding collective coordinate, i.e. the common phase of Xi and X2. In the familiar 
case of fast motion of the center of mass the role of J is played by linear momentum 
or p"*". Here, however, J represents the sum of "orbital" as well as "internal" angular 
momentum and thus does not correspond simply to the center of mass motion. This 
is thus a generalization of the limit considered in 0: we are interested in "large" 
extended string configurations and not in a nearly point-like strings. Let us thus set 

Xi = t/i e*" , X2 = f/2 e'" , + \U2\^ = 1 , (2.3) 

i.e. parametrize in terms of CP^ coordinates Ui and an angle a (Hopf fibration 
of 5"^). The angle a representing simultaneous rotation in the two planes will be the 
collective coordinate corresponding to J. In terms of standard angles 

f/i = cos^e^^, U2 = sinij e-'f^ , a = ^{ifi + <^2) , /? = ^(^1 - v?2) • (2.4) 
Then 

{ds^)s3 = {da - iU;dUrf + dU;dUr + {U;dUrf , r = 1, 2 , (2.5) 

i.e. 

{ds^)s-^ = {Daf + DU;DUr , 
Da = da + C , DUr = dUr - iCUr , C = -iU^dUr . (2.6) 
It is useful to replace Ur by a unit vector rij representing CP^ 

n, = U^aiU, U={UuU2)^ (2.7) 

where cxj are Pauli matrices. Then 

{ds'^)ss = {Daf + ^driidui , Da = da + C{n) , (2.8) 
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where C{n) has a non-local WZ-type representation C = — | Jq eijkUid^njdnk* In 
terms of angles one has 

rii = (sin 2?/' cos 2/3; sm2ip sin 2/3; cos 2?/^) , (2.9) 

{ds'^)s3 = {da + Cf + #^ + sin^ 2ip dp^ , C = cos2ip dp . (2.10) 

It is interesting to note a direct analogy between ()2.7|) relating and Ui, U2 and the 
coherent state basis on the spin chain side.^ 

The string action is then (we use signature ( — h)) 

/ = v^ fdrT^L, (2.11) 
J Jo 271 



1 

2 V JCI \ -^--y- . — ^ q-~ . ^ 



ggP'^i - dptd.t + DpaZ^.a + -dpHidgrii) , (2.12) 



where 



1 /•! 

= + Cg(n) , = -- d^eijkriid^rijdgnk , (2.13) 

rai(r, (7, { = 1) = {ni)o , rai(r, cr, ^ = 0) = ni(r, a) , 

9pCg - = ^eijknidpTijdqnk , 6Cg = ^eijkSriirijdqnk + dgX ■ (2.14) 

The crucial point is that one should view t and a as "longitudinal" coordinates that 
reflect the redundancy of the reparametrization-invariant string description: they 
are not "seen" on the gauge theory side, and should be gauged away (or eliminated 
using the constraints). At the same time, the unit vector Ui should be interpreted as 
a "transverse" or physical coordinate which should thus have a counterpart on the 
SU{2) spin chain side (with an obvious candidate being a vector parametrizing the 
coherent state). To put ()2.12|) into first-time-derivative form like ()1.8|) one will need 
to properly expand the action and make a field redefinition of rij. 

The conserved charges corresponding to translations in time, rotations of a and 
5*0(3) rotations of rij are"'" 

/■27r 

{E,J,Si) = Vxi£,J,Si) , £ = - —^g'Pdpt, (2.15) 

JO 271 



*One can check this relation using a°'''af'^ = — (S"''(5^'* + 2(5°'*(5'"^. C may be interpreted as a vector 
potential of a Dirac monopole at the origin. 

tin the spin chain case we have complex scalars $1, $2 in the operator tT{^'(^ + . . .) represent- 
ing spins up and do"wn. In coherent state basis {n\a^\n) = "where total |n) is a product of doublet 
coherent states at each node. We may thus vie"w Ur as "radial" coordinates directly corresponding 
to the t"wo complex scalars $1, $2 on the SYM side, "with C/V'C/ = being the "classical" analog of 
{n\a^\n) = n*. The U{1) phase a corresponds to rotating the chiral supcrfields by the same overall 
phase. 

■I-Note that a/A is the effective string tension in (|2.11|) and so all classical string charges are 
proportional to VA . 
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/■27r fjrr /•2tT rj rj 

J = - ^V^9''D,a, S^ = - ^v^^°^g;, (2.16) 
JO 27r JO 27r ^ 

where the local current g* is 

Qp = DpO rii + ]^eijknjdpnk . (2.17) 

Given a generic string configuration, one can apply a global rotation to put in the 
"canonical" form (0, 0, S3), where S3 will then correspond to the difference Ji — J2 of 
the two S'^ spins whose sum is J (the corresponding angular coordinate is (3 in ()2.4|) ). 

Note that the effective coupling constant A in ()1.1|) is directly related to the 
(rescaled) charge J in ()2.1(i|l 

A = A = i_, i.e. J=^- (2.18) 

\ A 



Thus expansion in powers of -jj is the same as expansion in powers of A. 



2.2 Conformal gauge choice 

While the final expressions for the physical quantities for specific string solutions 
like the energy as a function of spins should not of course depend on a particular 
choice of reparametrization gauge, the simplicity of the "off-shell" correspondence 
between the string and spin chain 2-d actions is sensitive to a choice of world-sheet 
coordinates. It turns out that the simplest conformal gauge choice fails to be the 
adequate one beyond the leading order in A expansion: one needs to choose instead a 
non-trivial ("non-diagonal") gauge. This may be viewed as a technical complication, 
but it actually highlights the importance of a suitable reparametrization gauge choice 
in understanding how string action originates from gauge theory. 

Nevertheless, it is still instructive to start with the discussion of the standard 
conformal gauge \/—gg"'^ = t]"-'^ =diag(— 1, -|-1) (this gauge was used in [H]). In 
conformal gauge t satisfies the free equation of motion, and we can fix the residual 
conformal diffeomorphism freedom by the usual condition 



t = KT , 



relating the world-sheet and the target space energies. Then ()2.15|) implies 

S = K, J= —Doa . (2.19) 

JQ Ztt 

The problem with the conformal gauge choice turns out to be related to the fact that 
here the energy is homogeneously distributed along cr while the angular momentum J 
is not, while the situation on the spin chain side is just the opposite. As a result, the 
comparison of the expressions for the actions and the energies becomes complicated; 
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in particular, the expression for E in terms of J contains "non-local" contributions 
(given by multiple integrals over a). 

The equations of motion for a and Ui are found to be 



d^Dpa = 



d^ql = 



(2.20) 

(2.21) 
(2.22) 

(2.23) 
(2.24) 



are easily solved expressing Dpa in terms of Ui * D±a = iy^^ — j{d±niy, where 
d± = di± do, i.e. 

1 ' ' 



where the latter may be explicitly written as 

D^a eijkUjdpUk - ^{dPdpni)± = , 

(mi)_L = mi- {nkmk)ni . 
Equivalently, ()2.2ip may be written as 

D^a dpUi = -^eijknjd^dpUk ■ 
The conformal gauge constraints 

{dotf + {d,tf = (g^)2 + {qlY , dotd^t = q},q\ 



Doa 



Dia 



-{d+Ui 



-{d+rii 



^-—{d,n,f + ... , (2.25) 

6K 



c2 - ^{d+Tny -Ji^^- ^id+riiY 



diUidorii + 



(2.26) 



We expanded in large k which is related to expansion in small A = j^. Indeed, 

J = r ^Doa = - - ^ /" ^{d^n.r + 0(1) , (2.27) 
Jo Ztt ok Jo Zn k'^ 

i.e. (see flTTHl) ) 



~ 1 1 r'^^ da ,^ ,2 1 X 



Ak^ Jo 27V 



(2.28) 



Thus in the conformal gauge the natural expansion is in powers of ^, while on the 
spin chain side it is the expansion in powers of A. The two coincide at the leading 
order, but it is clear that beyond the leading order (and keeping rij general) the two 
expansions are related in an indirect way which is effectively non-local in a. 

*We choose particular signs in the solution to ensure regularity of large k or large expansion. 
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Eliminating DpU from (j2.2H|l using (j2.25|l . ()2.2fi|l we get an equation for Ui) Ex- 
panding in large k we get 

t^doni = ^Ujkrijidl - dl)nk + O(-) . (2.29) 

If we first assume that all derivatives stay finite at large n then the leading-order equa- 
tion is simply doUk = 0. Then also {dfni)± = 0, or dfrii = — (c?in)^nj. Multiplying 
this by diUi we get also {din)"^ = 4m^ = const, and thus Ui has cos2ma and sin2mcr 
as its two non-zero components. Then S = \J J"^ + vn? and Si = k Jq^ ^'^i = 0. This 
corresponds to the simplest circular string solution with two equal angular momenta 
Ji = J2 (this is, in fact, an exact solution of the full string equations jHj, see also 
below). Thus expanding in k in this way corresponds to expanding near this special 
circular solution. 

Instead, it is more natural to follow [25 and assume that udoUi and diUi stay 
finite in the limit, i.e. to rescale the time coordinate (cf. (jl.lOj) ) 

r ^ KT , ndo^ do , i.e. t ^ kH ^ X'H . (2.30) 

Here we used that t = kt; note that this is the same rescaling of time t that was 
needed in (jl.7|) or to eliminate the A dependence. Then terms with more time 
derivatives will be suppressed by higher powers of Observing that (c}±ni)^ in 
fl2.25|) . (12.261) is now equal to {diUi ± ^d^niY we find that ()2.29|) becomes 

doUi = \e,jknjdlnk + ^ + 0{\) , (2.31) 

^ = -^eijkUjdQUk - ^{dondin)dini + ^{dindin)doni . (2.32) 

The leading term thus takes the form of the LL equation linear in time derivative 
which is equivalent to (jl.7|) . Solutions of this leading-order equation include [?T] 
non-trivial folded and circular string configurations (which are large k limits of the 
corresponding exact solutions in [HI El El); i-e- this is a natural starting point of an 
expansion that should describe generic string states with large J. 

Given the remarkable fact that this leading-order equation is linear in the time 
derivative, solving 1)2.311) perturbatively in - one is able to eliminate all time deriva- 
tives from the correction terms in favor of spatial derivatives and thus to convert 
()2.31|) into a local equation with only spatial derivatives appearing on the r.h.s., i.e. 
into an equation of the type expected on the spin chain side (following from p. 8)) ). 

It is important to stress that this "re-expansion" of the original R x sigma 
model equations of motion effectively selects a subclass of solutions with large J' or 
large n. That eq. ()2.31|) does not as a result describe all possible solutions of -R x S*^ 
sigma model is just as well since other solutions which do not carry large angular 

^One can check that the equation for a in (|2.2U|) is then identicaUy satisfied as a consequence of 
the equation for n^. 
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momentum J are not dual to SYM operators from the SU (2) sector and thus should 
not be related to eigenstates of spin chain Hamiltonian. 

Another remark is that this large k ^ J conversion of the original second-order 
equations into a first-order one is similar to the usual large friction case or non- 

relativistic large mass limit. The role of large koi J = is indeed analogous to 

that of large light-cone momentum in other similar cases like BMN one where one 
expands near a point-like configuration. Again, the novelty of the present expansion 
is that it isolates a sector of non-trivial extended solitonic string states which are far 
from being point-like. 

The leading term in ()2.31|) corresponds to the following action for 

dr —L, L = Co--{din,)\ (2.33) 

JO ZTT O 

where we took into account the above rescaling of r (Co ~ drU refers to the new r) 
to combine the string tension factor with the k factor coming from dr into J 
(which is the same as a/A k to leading order in ^). This action is equivalent to ()l.f)|l . 
The explicit form of L in terms of independent angular coordinates in ()2.9|1 is 

L = cos2?/' doP - ^[{diipf + sin2 2^/' {dipf] . (2.34) 

To see the emergence of the WZ term Cq ^ directly at the level of the action we may 
"boost" a, i.e. introduce instead a new "light-cone" coordinate u 

u = a-t. (2.35) 

Then the original sigma model Lagrangian may be written in conformal gauge as 

L = -dHD^u - ]^{Dpuf - ^{d^n^f . (2.36) 
Using that t = kt and dropping a total derivative term we get 

L = kCo - liDpuf - l{dpn,f , (2.37) 
z o 

or, after the rescaling ()2.30|) of the time coordinate 

L = Co- ^(9in,)2 - ^{D^uf + ^[{Dour + \{don,Y] . (2.38) 
Observing that according to (|2.25|) (after the rescaling ()2.30p ) 

Dou = Doa-l = -hd^n^f - -L[i-(9in,)^ + hdou.f] + 0{-^) , (2.39) 

■I- Note that this is not the "usual" covariant sigma model WZ term which contains both t and a 
derivatives: C'o term is local in a (we did not have a i3„i„-term in the original sigma model action). 
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D,u = D^a = - doTiArii + 0(— ) , (2.40) 

and assuming that we can use the constraints to ehminate u from the action (which, 
in general, requires a justification but here does lead to the correct result for the first 
subleading term) we get 

L = Co- l{d,n,r + ^,[{don.r + + O(^) • (2.41) 

The final step is to make a field redefinition to eliminate the time derivative term 
from the correction. This amounts to the use of the leading-order equation in (j2.3H) 
implying 

{don,f = ][{dln,f - {dm,)'] + O(^) . (2.42) 
As a result, we get (in terms of redefined field rii) 

L = Co- l{d,n,r + ^M^^)" - l(9,n,)'] + 0{^J ■ (2-43) 

We shall obtain the same action ()2.43p from a more systematic approach of the next 
subsection, and later in Sections El and ID we will check that the coefficients of the 
4-derivative terms in ()2.43|1 match the ones appearing in the effective action (jl.8j) 
of the spin chain. Similar procedure can be applied at higher orders, converting the 
original sigma model action into the first-time-derivative action of the type p.Sj) . 

As already mentioned, the problem of the conformal gauge we used above is that 
here the expansion goes in powers of ^ instead of powers of = A and thus the com- 
parison with the spin chain side is indirect beyond the leading order: converting the 
^ expansion into ^ one, using the expression for J ()2.27p . brings in non-local terms 
given by powers of integrals over a. For that reason we shall now describe an alterna- 
tive gauge fixing procedure which is better suited for establishing the correspondence 
between the spin chain and the string sigma model effective actions. 

2.3 Non-diagonal "uniform" gauge 

Let us start with rewriting generic string sigma model action in first-order form and 
then discuss gauge fixing. Given 

L = -\^/^9g'"G,,{x)d,x^d,x' (2.44) 

and introducing the momenta 

p^. = -G,Md^^'' + Bdix^) , A = ^g'^\ b = y^g'^\ (2.45) 

we can rewrite L in the first-order form with respect to the time derivatives 

L = p^dox^ + ^A^'lG^^p^p, + G^,{x)dix^dix''] + BA-' p,Ax^ . (2.46) 
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Here and BA~^ play the role of Lagrange multipliers for the constraints. 

The action for ()2.46p is reparametrization invariant, and then as in [22] (in flat 
space) and in (in AdS space) one may fix a gauge, e.g., on a combination of 
coordinates and momenta p^. The result is of course equivalent to the corre- 
sponding gauge fixing directly in the Polyakov's action (cf. jSSlEll) but starting with 
(I2.46P may have some conceptual advantages since, in the presence of isometrics, some 
momenta are related to densities of conserved currents. 

In the case of our interest L in ()2.44p is given by ()2.12|) and so its first-order 
version ()2.46|) has the following explicit form 

L = ptdot + PaDoa + PidoUi 

+ \A-'[~p',+pl + Ap^ + m' + {D,ar + \{d,nf] (2.47) 

+ BA^^{ptdit + PaDia + PidiTii) . 

Here we have chosen to couple Pa to D^a and not to doa. The equations of motion 
for pt-iPa are equivalent to the definitions of the momenta in terms of dqX^ and A, B 
in 

Pt = Adot + Bdit , Pa = -ADoa - BDia . (2.48) 

Note also that we have defined pi so that they are different from the usual canonical 
momenta for rij: pi does not include the contribution of the c^o'^i-dependence of Cq in 
Dqtt, i.e. 

p, = -^iAdon, + Bd,n,) . (2.49) 
The equations for the metric components A and B give the constraints 

-Pt+Pl + 4p- + (dit)' + {D.af + ^{d,n)' = , (2.50) 

Ptdit + PaDia + PidiUi = . (2.51) 
The equations for t, a and Ui are found to be 

dopt + dM~\dit + Bpt)] = , (2.52) 

doPa + di[A-\Dia + Bpa)] = , (2.53) 

- ^eijkUjlp^donk + A~^{Dia + Bpa)dink] + [d^Pr + di[A~^{^dini + Bpi)]^ = . 

^ (2.54) 

nf = 1 implies that nidqUi = 0, piUi = and that the variation over Ui should be 
orthogonal to rij. The first ej^fc-term in fl2.54|) comes from the variation of Cq in Dqa 
(an additional gradient variation term is proportional to the equation ()2.53|) for a 
and thus is ignored). 
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The conserved charges corresponding to the invariances under translation in time, 
translation in a and 0(3) rotations [bui = eijkPjUk) of rii are (see ()2.15|) . ()2.16p . ()2.17p ) 

f.p'=r^H. j=r^p., s,^rp,,, (2.55) 

JO 27r JO 27r Jo 27r 

H = -pt, qi= PaUi + 2eijknjPk . (2.56) 

Let us now choose a gauge. The gauge used in the previous section was the orthogonal 
one A = 1, B = and t = kt. Having in mind comparison with the spin chain it 
is natural to request that translations in time in the target space and on the world 
sheet should indeed be related. Also, we should ensure that the angular momentum 
J' is homogeneously distributed along the string, i.e. let us require* 

(i) t = T , {ii) Pa = J = const . (2.57) 

Here we have chosen to set a proportionality coefficient between t and r to 1 but later 
we will need to rescale r as in the above conformal gauge discussion. In this case 
finH|l and imply 

A = -n, J = nDoa-BDia , pi = ^{Hdorii - BdiUi) , (2.58) 

and the constraints ()2.5ip . ()2.50p give 

Dia = -^PidiUi , (2.59) 



n = n{n,p) = y J2 + 4^2 + l_^p^Q^^.y + 1(5^^)2 _ (2.60) 

Using the constraints, the resulting "reduced" Lagrangian for the independent vari- 
ables rii and pi is found from ()2.47p to be L = J'Doa + pidoUi — Ti. Omitting the total 
derivative Jd^a term, we get 

L(n, p) = JCo + PidoUi - Hin, p) , (2.61) 

where Cq is again the same WZ term as in (j2.37|) or (j2.13|) . Thus both the ffist and 
the second terms here depend on Sorij, reflecting the fact that pi was defined not to 
include a contribution from Co in Dqu. 

Next, we should check that this Lagrangian ()2.6H) does indeed lead to the correct 
equations for ni,pi, i.e. that here it is legitimate to use the gauge conditions and the 

*This is another example illustrating that in curved space it is often natural to use a non-conformal 
gauge. In fact, use of such a more general gauge (or a special choice of t and a variables) may be 
"required" by duality to gauge theory. Again, it is true of course that all final physical observables 
(like values of energies on particular solutions) should be gauge-independent. But an "off-shell' 
comparison of string and gauge theory may be greatly facilitated by the right choice of world-sheet 
coordinates. 
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constraints directly in the action. With the above gauge choice the general equations 
(I2321)-(ES1 become 

1 



doH - 9i5 = , d^[H-\B - -^p.^m,)] = , (2.62) 
1 



doUk-H (B - —pidini)dink 



^oP^-^,[n-\^^^n, + Bp,)]] =0 



(2.63) 

where according to ()2.58|) Pi = jiHdorii — BdiUi). We are to compare ()2.54p . ()2.49p 
with the equations for rij and pi that follow directly from ()2.61|) 

doUi - n-'[Api + l^{pd,n)din,] = , (2.64) 



- ^JeijkUjdoUk + l^oPi - di[n ^{^diUi + ^{pdin)pi] ) = . (2.65) 
We conclude that they agree provided 



B = -^{Pdin) , i.e. D^a = -JB . (2.66) 

We are still to check that this does not contradict the first equation in (j2.62|) . i.e. 

W = -^9i(p9in) . (2.67) 

This, indeed, follows from the equations of motion ()2.64j) . ()2.65|l for pi and rij.''" Thus 
our procedure is consistent: the extra condition ()2.66j) is a solution of our equations. 
We could, in fact, impose ()2.66|) and = in ()2.57p as two reparametrization 
gauge conditions; then an extra choice of t = r in ()2.57|) would correspond to fixing 
a residual reparametrization freedom, as in the conformal gauge. 

Since Pi enters (I2.61|) only algebraically, we can now solve for it and get a (non- 
polynomial) action that depends only on rii and its first derivatives 9onj and diUi. 
We find from 

Pi = -H[doni - . ^„ .^ OiUi] , piUi = , (2.68) 

4 4J/^ + [Oin)'^ 



^In general, given the Lagrangian which is first-order in doUi one finds that (omitting ± sign) 
doPi — \ j^ijknjdQnk = di , doUi — from where it follows that (WZ term does not 

contribute) 

01~i dl~L dl~L dl~L dT~i 

doT-l = ——dodin + -rr^oP = ( - di——dQn + -rr^op) + di (Trr^don) . 
ooin op ooin op OOin 

The first bracket vanishes on the equations of motion, so Ti is conserved. Computing -^^don using 
H2.64() one finds indeed that it is equal to B, i.e. to -j^{pdin). 
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Substituting pi into H gives 



-}{ = J ' ' (2 70) 

and eliminating from the Lagrangian (j2.6ip . we get-^- 

L{n) = JCo - Hn , Un = n- PidoUi , (2.71) 



nn = Jf^ + - + Y^2(9ond,ny , (2.72) 



Equivalently, 



Hn = sj-det-fpq , = ?7pg + -dpUidqUi , 77^6 = diag(-l, J ) . (2.73) 

Remarkably, if not for the WZ term Co, the expression for 1)2.711) is reminiscent of 
the Nambu Lagrangian in a static gauge (suggesting that there may be a more direct 
way of deriving this action). 

We have thus managed to recast the original sigma model action in the form 
resembling ()1.8|) . The remaining steps are: 

(i) to define a consistent y expansion, and then 

(ii) to eliminate time derivatives in 7i„ by field redefinitions order by order in y. 
To define the large J7 expansion near the same "classical ferromagnet" limit as in the 
conformal gauge (cf. ()2.43j) ) we need to rescale (cf. ()l.l(J|) . ()2.3(jp ) 



T^J\ = A-V , i.e. t ^ ~X-H , do ^ —do , (2.74) 
thus getting the string action in the form 



/n2TT fju _ _ 

dr — L , L = Co-n , n = JHn (2.75) 
JO 2n 

n = J'J[1 + -^.{dmm - -^Adon^] + Y^,idond,n)^ , (2.76) 



i.e. (omitting constant term in 7i) 



L = Co- l{d^n,y + ^[{don^y + ^{d,n.''' 



^We also find that Dqc 
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- ^Mn.d^n,Y - l{don,nd,n,r + ^{d.n.d.n,)'] + 0(-l) . (2.77) 

The second and fourth derivative terms here are the same as in the conformal gauge 
expression (j2.4H) . and thus the equations of motion to this order also have the same 

form (j22H),(j2in2D- 

Note that it is the energy density ()2.70|) . or, in terms of redefined time derivative 

n = J , ' (2.78) 

'[1 + 4^(5in)2][l - ^,{d,nY] + ^{d,nd,nY 



\{dinf + ^[(^or..)^ - ^(9in,)1 + 0(-l; 



(2.79) 



that is conserved on the equations of motion. It is only after a field redefinition 
Hi —>■ "hi that eliminates all time derivatives in the Ti. part of L in (j2.77|) . i.e. that 
puts L into the form 



L = Coin) - H{dih, dfri, dfh, . . .) , (2.80) 

that H should be conserved.^ On general grounds, since (the integral of) Ti generates 
translations in t and (the integral of) H generates translations in r, and t ^ t 
according to the above choice, the two must be equivalent on-shell (after the same 
field redefinition done in Ti, modulo a total di derivative), i.e. 

[Hidon, d,n)l^,, = J^'H{d,n, din, . . .) + d,F . (2.81) 

This is what is required for correspondence with the spin chain results. In contrast to 
the conformal gauge case, the relation between the space-time and 2-d energies here 
does not involve non-local (multiple a integral) terms. 

The form of field redefinition which is needed to put L in (j2.75p into the form 
(I2.8(jp is suggested by the comparison of the 0(3) conserved charges which should 
also match: for ()2.80|) we get instead of the expression in ()2.15|) . (12.561) 

r2'rr J^/j 

S^ = J —ni, (2.82) 
JO 27r 

implying that the required field redefinition should be (we rescale Qi in ()2.56|) by factor 
of J)*^ 



ni = qi{n, don, din) + dif = rij + 0{^) , (2.83) 



^Indeed, if H depends only on spatial derivatives the equations of motion following from take the 
form \eijknjdonk = (i9i[af^ + i^i^f^ + • ■ -D-L = Ki, and then Kidon^ = so that 

doH ^ d^dxri^— — - + d^d^n, + . . . = d\[don— — - + dodm,- 



ddxTLi ddfrii ^ ddiUi dd(ni ' 

and the integral of d^H vanishes. 

^Once the action is put into the form (|2.8U|) . the density of the 0(3) rotational current is deter- 
mined simply by the WZ term Co, i.e. it should be equal (up to a total derivative) to hi. 
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where a total derivative term dif may be needed to ensure that hf = 1. 

Let us demonstrate how this works to the two leading orders in large J expansion 
(see also Appendix A). Starting with ()2.77|) let us do a field redefinition that converts 
the {doniY term into its "on-shell" value ()2.42|) . i.e. [(9onj)^]on-shcii = \{{dln)±)'^ = 
|[((9^n)^ — (9in)^]. Observing that the variation of the first two leading terms in 
(I2.77P is proportional to the leading-order equations (omitting total spatial derivative) 
6[Co — |(9in)^] = [^eijknjdonk + \{dlni)±] Srii, we conclude that we need 

111 1 

= ■^i-2^ijknjdonk + ^(5?ni)±] , [^«i]o„-shcii = ^(^i^^^Ox • (2-84) 

This redefinition effectively replaces g^(5onj)^ term with -^^{{dfni)±)'^, so that in 
terms of redefined field fii = rii — Srii we get ()2.8()j) with (omitting tilda on rij) 

H = Ho + H, + H2 + 0(P) , Ho = l{d,nY , (2.85) 

o 

Hi = -^mn,r-l{d,n,r] , (2.86) 

where we used ()2.18p to express JT" in terms of A. This happens to be the same result as 
in the conformal gauge ()2.43|) with hi ^ J . Since the two actions - ()2.77|) and ()2.80|) 
- are related by a field redefinition, they have equivalent equations of motion, i.e. 
()2.8()|1 with H given by ()2.8fi|l is guaranteed to reproduce the same string solutions. 

The field redefinition we have used is indeed equivalent, on-shell, and to the leading 
order in -^r, to the one in ()2.83|) that transforms rii into the charge density qi 



ni = qi-^eijkqjdoqk + 0{^) + ^{dlqi)± + 0{^) , hi = qi . (2.87) 



Let us now show that the energy density ()2.78|) becomes indeed equal (up to an 
overall factor of J') to H in ()2.8()|1 after the above field redefinition and evaluation 
of the result on the equations of motion. It is important to stress that while the use 
of equations of motion in the action is equivalent to field redefinitions (at least, to 
leading order), this is not so in the energy: field redefinition and evaluation on-shell 
are two different steps. Notice that compared to H in ()2.77p the sign of the {doUiY 
term in Ti. is the opposite, so if we would simply evaluate 7i on-shell we would not 
match H in (j2.86j) . Instead, we are instructed to do the field redefinition (j2.84p first, 
and it gives [din)"^ —dfuiSni. Evaluating the result on the leading-order equations 
of motion we end up with (up to a total derivative, subtracting the constant term J', 
rescaling by factor of and omitting tilda on rii) 

Jin -J) = lid^nf - ^^[2^!nMn^)± + {don.)' - ^{^^n,)'] + 0(-^) 

= ^(^1^)' - ^lidh.)' - l{d,n,)'] + 0(P) . (2.88) 



19 



The role of the field redefinition is thus to invert the sign of the {don)^ term in 7i; 
then, upon evaluation on-shell, Ti matches H in ()2.86|) . 

It is clear that the same field redefinition procedure should apply at higher orders 
of expansion in ^. We demonstrate this explicitly at the next order in Appendix A. 
Here we will just quote the final result for the corresponding term in H in (j2.8(J|) . (12.851) 
(again omitting tilda on rij and using (|2.18|) ) " 



^ 64 



4 2 16 



(2.89) 



Below we shall compare these results with the corresponding expressions on the spin 
chain side ()1.8p . 

It would be interesting to determine terms in H, to a given order in an expansion 
in powers of rij, but to all orders in spatial derivatives. This is possible to do for 
all quadratic terms by expanding near the "vacuum" configuration = (0, 0, 1) 
which essentially corresponds to the BMN limit (small fiuctuations above the BPS 
vacuum). Then starting with (j2.76|) where all higher than quadratic terms should be 
omitted and solving for the frequency in terms of the spatial momentum one finds that 
all quadratic terms in the effective Hamiltonian can be written as follows (modulo 
integration by parts) 

H = ^~X~^ni (^V^l - ~Xd^ -l^ni + O(n^) . (2.90) 

The expansion of the BMN square root here is in agreement with the coefficients of 
the quadratic terms in . (ITT^ . (ITM . 



2.4 Some special solutions 

Let us mention how some known two-spin solutions of the Rx sigma model fit into 
the above discussion. A class of folded and circular string solutions with non-constant 
radii [HIIT^] (having ipk = WkT, ip = ip{a) in ()2.2|) ) have rii ()1.2p satisfying 

doUidiUi = . (2.91) 

As follows from (IT7H|) . (jT7H|) in this case** 




"The same expression for the 6-derivative term in H was found by A. Dymarsky and I. Klcbanov 
by reconstructing the Cq — H Lagrangian from the condition that it correctly reproduces the energies 
of the folded and circular ^B] solutions expanded to the given order in A. 

**Hcre Pi = jTidoUi, PidiUi = and B and Dia vanish so the "uniform" gauge is diagonal (see 
H2.49() . H2.66|l ). Also, Doa is conserved, i.e. it depends only on cr, so the "uniform" gauge may be 
reached from the conformal gauge by an additional redefinition of cr. 
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Another class of solutions are circular solutions with constant radii ^B] for which the 
angles in ()2.2p are ip = ifjQ = const ,ipk = fnka + 'WkT, (i.e. /3 = |(mi — 7712)0" + — 

W2)t), where (in conformal gauge) Wk = \Jm\ + z/^, E"^ = 2{wiJi + W2J2) — and 
z/ is a solution of ^ + ^ = 1, rriiJi + m2J2 = 0. These are homogeneous solutions: 
all invariants built out of rij, in particular, dQUidiUi are constant. 

In the special case of circular solution with equal spins [Hj (jTi = J2 = \J , 
nix = —^2 = ^) one has ipo = j, (3 = mo", rij = (cos 2m(T, sin 2mcr, 0) and doHi = 0. 
This is, in fact, the general static solution of the leading-order LL equations (jl.7p or 

dorii = , {dlni)± = , {8171^ = const = W , (2.93) 

and is also an exact solution of the full system to all orders in -j. Here we get Si = 
and 

n = j-^n = ^/j^'+Jid^ = ^/J^T^ . (2.94) 

It is easy to check that eqs. ()2.85p . (12.861) . (12.891) are indeed in agreement with the 
expansion of ()2.94j) . We shall also check the second-order expression ()2.86p against 
the energy of the folded string solution ^3] in section 5. 



3 Expectation value of dilatation operator in co- 
herent state and "naive" continuum limit 

Let us now consider the higher order (higher-loop) corrections (jl.9|) on the SYM, 
i.e. the spin chain, side. In general, one is supposed to find eigenvalues of the SYM 
dilatation operator and compare them to the AdS^ energy of the corresponding string 
states. In the large J limit (jl.l|) . this problem happened to be essentially semiclassical 
at the leading order in A (cf. ()1.6p ). One may expect that the same may be true 
also at higher loop orders. In this case to compare to string theory it would be 
sufficient to know the analogue of the action (jl.4j) . (jl.6p in the case when higher order 
corrections are included in the spin chain Hamiltonian ()1.3|) . Our first task, therefore, 
will be to compute the action ()1.4j) that appears in the coherent state path integral 
of the quantum spin chain with the Hamiltonian given by the 3-loop SYM dilatation 
operator in the SU{2) sector. We will then address the issue of taking continuum limit 
and whether one is actually able to ignore quantum corrections beyond the leading 
(one-loop) order. We will describe how to consistently include quantum corrections 
in the next section. 

The one jT2] , two j2E] and three fl^ |2Z1 12H] loop dilatation operator of the A/'=4 
SYM theory in the SU{2) (2 chiral scalar operator) sector has the form 

00 \r J 

^ = E 7ir^^2. , D2r = E '^2r{a) , (3.1) 

r=0 l^^J a=l 

Do = / , V2 = 2{I- Pa,a+l) , (3.2) 
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,a+lPa+l,a+2 + -Pa+l,a+2-Pa,a+l ) ; (3-3) 
= 60/ — 104Pa^a+i + 24:{Pa,a+lPa+l,a+2 + Pa+l,a+2Pa,a+l) 
+ 4:Pa^a+lPa+2,a+3 " 4:(Pa^a+lPa,a+lPa+2,a+3 + Pa+2,a+3Pa,a+lPa,a+l) ■ (3-4) 

Here the projection operator is 

Pa,b = \{I + ^Sa-S,) , •^' = ^^^ (3-5) 

and (J* are Pauli matrices. Since the 3-loop term Dq was not yet exphcitly derived 
from SYM theory but was fixed using indirect (based, in particular, on integrabihty 
or superconformal symmetry [2H1) considerations, let us mention that in ()3.4p 
is the «! = member of a one-parameter class of operators in j22j (we set 02 in [22] 
to be zero) that all have similar properties like a consistent BMN limit: * 

P6(ai) = (60 + 6ai)/ - (104 + 14ai)P,,,+i 

+ (24 + 2«i)(P,,„+iP,+i ,a+2 + Pa+l,a+2Pa,a+l) + (4 + Qai)Pa,a+lPa+2,a+'i 
~~ ^{Pa,a+lPa,a+lPa+2,a+3 + Pa+2,a+3Pa,a+lPa,a+l) 
-~ Oil{Pa,a+lPa+2,a+-iPa+l,a+2 + Pa+l,a+2Pa,a+lPa+2,a+'i) ■ (3-6) 

Using that for each site index a one has cr* o"^ = 5^^ + ie''^^a^ it is straightforward to 
show that V2,T>4,Vq can be written in the following equivalent forms^ 

V2 = 2Qa,a+l , T^i = —2{4:Qa,a+l — Qa,a+2) , (3-7) 
^6 = 4(15Qa,a+l ~ QQa,a+2 + Qa.a+s) + 4:{Qa,a+2Qa+l,a+3 — Qa,a+3Qa+l,a+2) , (3.8) 

where 

Qa,b = 1- Pa,b = - 45„ ■ S,) = ^(1 - aa ■ a,) . (3.9) 
In general, for ()3.6|) we get instead of ()3.8p 

Ve{ai) = 4:{15Qa,a+l - QQa,a+2 + Qa.a+s) 
+ {4: — ai){Qa,a+2Qa+l,a+3 — Qa,a+3Qa+l,a+2) + 5aiQa,a+lQa+2,a+3 ■ (3.10) 

Note that D p.ip interpreted as a generalized spin chain Hamiltonian has a ferro- 
magnetic nature: the coefficient multiplying each linear Qa,a+c = |(c"a — o'a+c)^ term 
is positive (assuming that perturbation theory in A < 1 applies). 

*We correct a misprint in eq.(8) of ^7\: the sign of the 14ai term there should be minus (we thank 
N. Beisert for pointing this out to us). Strangely, the ai = 2 operator (apparently not consistent with 
the integrabihty) appears to be special in what concerns comparison to string theory, see discussion 
in 123. 

^^Here we use that for the case of a periodic spin chain which we are interested in one can shift 
the summation index and thus combine terms which are equivalent under the summation. 
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Consider now a coherent state \na) defined as 

\na) = R{na)\ T), 
where | t) is a spin up state and Rijia) is the rotation 

R{n) = e-*'^^3g-ies2 ^ ^, ^ (^^^^q ^^^q ^^^q^ 



(3.11) 



(3.12) 



where we use 9 and (instead of 2ip and 2/3 in (j2.9j) ) as polar coordinates for the 
unit vector n. From such coherent states at each site we can built a "coherent" state 
of the whole chain as |n) = nf=i l^a) = I'^i, • • • , na, . . .) in which case 



{'n\Sl\n) = -n 



a 1 



We then end up with 

{n\V2\n) = iVa,a+l , 



1 



{n\Vi\n) = -4iVa,a+l + iVa,a+2 



(3.13) 
(3.14) 

(3.15) 



,a+3 -r ,a+2-^a+l,a+3 "~^a,a+3-^a+l,a+2 • (3.16) 

Now, (?7,|H|n) in ()1.4|) should be replaced by 



(?7,|H|?7,) = ^ 



a=l 



A 



A 



A=^ 



(An) 



{n\V2{a)\n) + ——{n\V^{a)\n) + -—{n\V<,{a)\n) + ... 



{An 



(An) 



(3.17) 

Next, let us take a continuum limit as in (jl.6p by introducing a spatial coordinate 
< cr < 27r, and n{aa) = n(^), so that Ua+i — Ua = '^d^n + . . ., etc. Then we find 
(using Taylor expansion and dropping a total derivative over a) 



A 



(47r) 



-{n\V2\n) 



A 



{d,nf + 0{^dtn) 



A- ^ 



(4vr) 



■{n\Vi\n) 



^'\dlnf + 0{^^dln) 
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di = d„, (3.18) 
(3.19) 



(47r 



7 



4(27r) 



rJ'(5in) 



(3.20) 



Ironically, instead of "coherent", a better name for such state would be "decohcrcnt" as it is 
simply a direct product of independent states at each site. 
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In general, starting with ()3.fi|l one finds 



A3 



(4vr) 



■{n\VQ{ai)\n) 



A3 
64 



K27r) 



;i4-ai)j2(9in) 



7ai){din)\dln) 
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(46 + ai)(9in9i2n) 



(3.21) 



Here we used the identity ()A.14|) (for some useful relations see Appendix B). 

We see that if A is fixed in the large J limit we may ignore higher derivative 
terms in one-loop ()3.18|) and two-loop ()3.19p terms. It is crucial for the consistency of 
our limit that the sub leading (9in)^ terms cancel out in the higher-order {n\V2r+2\'n) 
terms. ^ We see explicitly that this is indeed the case for {n\V4^\n) (as was first noticed 
in [25) and for {n\VQ\n). 

However, the presence of "subleading" (din)^ term in (|3.2(Jj) that blows up in the 
J — s> oo limit implies a problem with taking the continuum limit directly in {n\DQ\n). 
Our conjecture is that this singular term in ()3.20j) will be canceled out once quantum 
corrections are properly included. As we shall see in the next section, one needs 
indeed to include order quantum corrections, i.e. to compute first an effective spin 
chain action and only then take the continuum limit. 

Assuming that the "scaling-violating" (dn)^ term in (j3.2(jp can indeed be omitted, 
we then finish with the following generalization of the semiclassical spin chain action 
(HSl) 



J / dt 



da 
2^ 



Ct{n) - (H) 



(3.22) 



A 



(H) = -id,n) 



A^ 
32 



(din) 



A3 
64 



19 



115 



{dinyidfny - —{dindfn) 



0{\' 



(3.23) 



- / V 1 / 12 

where we used the notation (H) instead of (n|H|r2) to indicate that some quantum 
correction was taken into account. 

To compare ()3.22p to a similar action ()2.85|) . (12.861) . (12.891) obtained from the string 
sigma model we need to rescale the time t — ^ X~^t as in p.lOj) to absorb one (overall) 
power of A = We then find perfect agreement of coefficients of all quadratic (c}[n)^ 
(r = 1, 2, 3) terms. ^ However, there is no detailed agreement at and level. In 
particular, ()3.23p is missing A(9in)'^ term present on the string side in ()2.86p . The 
coefficients of the quartic 6-derivative terms in ()3.23p are different from the ones in 
(I2.89|l : also, ()3.23j) does not contain [din)^ term. As we shall demonstrate below, 
quantum corrections on the spin chain side at order A^ induce the term [diny with 
precisely the same relative coefficient — | as appearing on the string side in ()2.86p . 

§This property of I?2r+2 should be a consequence of supersymmetry of underlying SYM theory 
that restricts the structure of the dilatation operator. 

^The agreement at quadratic order in n is related to having the correct BMN limit (see section 
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Similarly, we expect that a systematic account of quantum corrections will be 
necessary to verify the agreement of the and terms at the next 6-derivative 
order. The inclusion of quantum corrections may turn out to be effectively equiva- 
lent to modifying the original dilatation operator by apparently non-local terms like 
-D2-D4, -D25 ■ ■ •• we shall show in Appendix C, their coherent state expectation 
values contain local parts very similar to the ones in (j3.15p . (l3.16p . 

Let us note also that the procedures of including quantum corrections and taking 
continuum limit may not commute already at the first subleading order. One may 
wonder that if one first takes the continuum limit, then one gets the J-factor in front 
of the action ()3.22|1 and thus all quantum corrections would then be expected to be 
suppressed in the limit of J — ^ 00. This, however, ignores a possibility of potential UV 
divergences that are regularized away in the discrete spin chain but may appear in the 
continuum limit. Since the effective short-distance cutoff here is essentially j, there 
may be additional finite contributions coming from divergent quantum corrections 
(due to cancellation of the j suppression factor against the divergent cutoff factor). 
Instead of trying to sort out such contributions in a continuum version, here we shall 
consider directly the quantum version of the discrete theory, derive a spin chain analog 
of the quantum effective action, and then take the continuum limit. 

As we shall show in Appendix C, second and third powers of D2 operator have 
coherent state expectation values which look similar to those of -D4 and Dq. In 
particular, to quadratic order in n in the integrands one observes that 

{n\Di\n) = -^(n|(D2)V) + 0(n^) , {n\DQ\n) = ^{n\{D2)''\n) + 0{n^) . (3.24) 



We can make a conjecture similar to the one in |26]" and assume that for small 
fluctuations above the ferromagnetic ground state the exact dilatation operator has 
the form (cf. dSHD) 



D = J + 




= ^+(4^^^-^((4^^^)' + ^^(4^^^)' + ---' 

(3.25) 

where 1 indicates the identity operator. Then, we take the coherent state expectation 
value of (j3.25p . keeping only the local terms (which are also the ones quadratic in n). 
In the continuum limit this becomes: 



{n\D\n) = jr^^ 







(3.26) 



This is in precise agreement with the classical string expression ()2.90|) that sums up 
all terms in the effective action that are quadratic in n. 



"The conjecture in |2S| was that, restricted to two-impurity BMN states, the exact dilatation 
operator has the form D ~ J + 2^ 1 + ■p^p-D2 ■ 
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4 Energy of spin chain at order A^: 

quantum corrections to effective action 

In this section we compute the energy of the spin chain at order including quantum 
corrections. This gives the correct conformal dimension of the corresponding opera- 
tors at the same order and therefore we now expect to reproduce what we obtained 
before from the string calculation, namely (j2.85j) . ()2.86|l . 

In the same spirit of [21], the states we are interested in are represented by spin 
waves with wavelength of order the size of the chain J. These waves are going to be 
described by classical solutions of a low energy effective action. Such a ( "Wilsonian" ) 
action can, and will, get contributions from integrating out the large momentum 
modes. The calculation is therefore more complicated than at the leading 1-loop 
order j2Tj but the end result is that, after including the quantum corrections and 
then taking the continuum limit, we reproduce the string theory result (j2.8Up . (|2.86|) . 



4.1 Spin chain Hamiltonian and first excited states 

Our starting point is the Hamiltonian of the spin chain proportional to the dilatation 
operator at order A^ [22] : 



Yi = y^ + D,) = -J^X^Y. 



a=l 



where 



Ai 



rA 



A2E 



a=l 



'-'a'-'a+2 



A, 



rA 



(4.1^ 



(4.2) 



4vr2 I67r4 ' QAtt^ 
This is the same expression as in ()3.1|1 and ()3.7|1 after one uses ()3.9|) . We included 
the factor A = A/J^ between H and the dilatation operator D = D2 + -D4 to account 
for the fact that we shall be assuming that time t is rescaled by A~^ as in (jl.lOj) . As 
a result, we get the factors in front of H which seem unconventional, but, as we 
will see below, in the end make the perturbative expansion in A more transparent. 

The Hamiltonian ()4.1|1 describes a 1-dimensional spin | ferromagnetic* chain with 
first and second neighbor interactions. The ferromagnetic ground state is 



|0) 



rilt). 



a=l 



(4.3) 



U. The 



with all spins parallel and therefore the total third spin projection is 6*2 — 
total spin is = | J and so there are actually 25*+! = J+1 degenerate ground 
states. The energy of the ground state is zero in agreement with the fact that the 
ground state describes a protected (chiral primary) operator tr^'^ whose conformal 
dimension has no corrections to any order in perturbation theory. 



"Note that the Hamiltonian is positive for Ai > 0, A2 > (which is the case assuming A < 1). 
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Before proceeding, it is useful to find the first excited states of tlie Hamiltonian 
fl4.1|) . These are spin waves where one spin is down and all the others up. We can 
find these eigenstates exactly: they are just given by momentum eigenstates: 

|A:) = 4TEe^'lTT---ia...TT) (4.4) 



a=l 



where we denote with | H ... la ... tt) ^ configuration with all spins up except at 
site a where it is down. It is easy to see that this is an eigenstate of the Hamiltonian 
with eigenvalue 

e{k) = J2 [Ai(l - cos k) + A2(l - cos 2k)] , (4.5) 

which is positive for Ai, A2 > 0. 

The next excitations correspond to two spins down and can be found as super- 
positions of two spin waves. For large J we can use a dilute gas approximation and 
write those eigenstates as 

\kk') = ^ E e^'='^+^'=''^'|rT...ia...TT...ia'...T), (4.6) 

a'>a=l 

R\kk') ~ [e{k)+e{k')] \kk') , (4.7) 

where the error is of order 1/J''". This approximation is good as long as we assume 
that the number of spins down is much smaller than J. 

4.2 Defining the eff"ective action 

If we include a large number of spins down, which corresponds to taking Ji and J2 
to be of the same order, i.e. of the same order as J = Ji + J2, the correct description 
is in terms of an effective action for low energy modes with momenta ~ 1/J. To 
compute it we should divide the spin fields Sa into "slow" and "fast" parts, with the 
slow modes being described by a unit vector n such that, when we take the lattice 
spacing 2-7r/J to zero, the derivative On remains finite {dn ~ 1). Taking into account 
the rotational invariance, the effective action for n up to four derivatives should have 
the same form as in (|1.1(J|) (in this section d = = di): 



J fdt r — \-idnf + A \aAd^nf + a2{dnY] + 0(9^n)l . (4. 
J JO 27r 18 L J J 



The first term is the Wess-Zumino term which, upon quantization ensures that we 
have a spin ^ at each site {i.e. only two states). The overall factor of J comes from 
the spin chain length and factor in ()4.1|) gets absorbed into the definition of the 
quadratic derivative term (the coefficient of {dnf' was fixed in j2^). We anticipated 
that the 4-derivative terms are of order A but this should be an outcome of the 
calculation, namely we should get the coefficients 01,02 ~ 1. 

^Also, \kk') is normalized up to factors suppressed by 1/J. 
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Actually, the coefficients of all the terms quadratic in n (i.e. {dn)"^, {d'^nf', etc.) 
can be fixed by expanding e{k) in ()4.5p for small k and comparing with the energy 
we get from the effective action for small oscillations around n = (0,0,1). This 
corresponds in operator language to the BMN limit. This small oscillation analysis 
does not, however, allow one to fix the non-trivial coefficient 02 so we prefer to do a 
direct computation of the effective action (j4.8|) . 

The effective action can be computed in various equivalent ways. One usual 
method is to use the path integral formalism to integrate out the high energy modes. 
This leads to a diagrammatic expansion. However, this approach presumes that one 
can separate the action into a free and an interacting part with the free part being 
quadratic in the fields. In our case we can use = Sx + iSy and S~ = Sx — iSy as 
our fields and replace Sz through the identity 

S^ = \- S~S+ , (4.9) 

valid for spin | (as can be seen by using the relation of S to Pauli matrices or by 
acting on the up and down basis: {| t), | i)}). The problem is that we get quartic 
interactions in the Hamiltonian with no small coupling constant in front. Instead, 
what is usually done for this system is to consider a spin chain with arbitrary spin s 
at each site. Near the state of maximum Sz projection, we can expand Sz as 



S. 



z 



s{s + l)-{Sl + S; 



^ 1 

2 

~ s 



-^{s+s- + S-S+) + 



(4.10) 



Now we get vertices of all orders in the fields S^ but they are suppressed in the limit 
s — > 00. It follows then that in this limit we can treat these interactions perturbatively 
which is the content of the Holstein-Primakoff expansion [HH] . 

This is, however, not possible here since we definitely have to assume s = | for 
the spin chain Hamiltonian to represent the SYM dilatation operator. Furthermore, 
such an approach actually obscures the simple nature of the system which is obvious 
from ()4.3p and ()4.5p where we found the ground state and first excited states with no 
difficulty. Nevertheless, as we will see at the end of this section, the final result seems 
to be compatible with a large s limit result which suggest that an effective parameter 
of expansion is Js. 

We will leave further investigation of this issue for the future and here will con- 
centrate on an alternative approach which is suggested by the fact that the effective 
action is the minimal value of the energy of the state with fixed expectation values 
for the fields. 

Due to the condition 5*^ = | there are only two independent fields at each site so 
we need to fix two conditions on the expectation values. It is natural to introduce a 
unit vector at each site fia and look for the lowest energy state such that the mean 
value of the spin at each site a points in the direction of n^. That is, we describe 
the low energy wave as oscillations of the direction in which the spins point. This 
gives an effective action for fia which we can then minimize by solving the classical 
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equations of motion. The field fia is going to be considered as slowly varying in time 
and therefore to be a static background for the fast modes. Formally, what we want 
to find is the lowest energy state \ip{na)) such that 

{ij{n)\Samn))^ = , a = l,...,J , (4.11) 

where _L indicate the component of the vector in the direction perpendicular to fia. 

It is not possible to find such a state exactly, so we need to resort to a perturbation 
theory. Since we are interested in the limit of large J (long chains) it is natural to use 
1/ J as a small parameter with a requirement of keeping terms of order \ = since 
we are interested in the limit ()1.1|) when this quantity remains finite. It is natural 
to consider the lattice spacing to be 27r/J so that the length of the chain is fixed in 
the limit. The field n represent modes whose wave-length is fixed with respect to 
the length of the chain (but grows to infinity in units of the lattice spacing). More 
precisely, we are to keep dfi ~ 1 in the limit. This means that the vectors Ua, Ua+i, 
at neighboring sites are almost parallel. Thus, if we consider a state where, at each 
site, the spin is aligned [i.e. has maximum projection) along n, its energy will not 
differ much from that of the vacuum. We can actually estimate the energy to be of 
order ~ J J{dnY J. ^ Such a state, constructed out of coherent states at each 
site (jH.llj) . is a candidate state to be the one of smallest energy such that (S) || n and 
is actually the one that was used in ()H.1H|1 (here we denote it instead of \n)): 

l^)o = ni^a) • (4-12) 

a 

We can correct this state using perturbation theory in A to obtain 

l^(^a)) = |^^)o + l^)i + ... ■ (4.13) 

In this paper we are going to compute only the first correction. The effective action 
for n is then given by 

S = Swz - mn^mijina)) . (4.14) 

As was already mentioned, the WZ term provides the correct quantization for n (just 
(2s + 1) states at each site where here s = |) and therefore, its coefficient cannot be 
renormalized when integrating out the higher momentum modes. ^ 

4.3 Computing the effective action 

Thus, to the lowest order in the perturbative expansion [i.e. with {ip) —>■ \iIj)q) the 
non-trivial part of the action is thus determined by the coherent-state expectation 

"''We remind the reader that we rescaled the time by so without rcscahng this energy is 
actually of order JA = j. 

§ Alternatively, in the path integral approach a topological argument also implies that the coeffi- 
cient of Swz is quantized in half integer units and therefore cannot be renormalized. 
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value (cf. ^,^] 



-j2 



J J 

a=l a=l 



(4.15) 



This happens to be simply the result found by replacing S ^ in (j4.ip (see 
(j3.13p . (j3.14|) ). It is this expression that we have already discussed in the previous 
section and which matched only partially the string result: it did not contain the 
{dfiy term (cf. ^JU^). 

Now we should compute the correction induced by the high energy modes and see 
if it contains the missing terms. Since the coherent states ()3.11|) are defined as 



\na)=R{na)\ T) 



(4.16) 



where R{n) is the rotation operator in (j3.12p it turns out to be useful to define new 
operators at each site by 



§: = R{na)S\R-\n,) = R,,{na)Si 



(4.17) 



i.e. 5** are rotated with respect to the original operators S** with the rotation matrix 
depending on the "background field" n. ^ 5* obey the same commutation relations, 
and the zero-order state reads 

lV')o = niT).- (4.18) 

a 

Hence (which is the product of coherent states (14.121) ) now looks similar to the 
vacuum state (j4.3j) . The condition (j4.1H) now reads 



{^{n)\~S^\i;{n)) = {^{n)\~S-\i;{n)) = 



1 J 



(4.19) 



which we should now impose order by order in the perturbative expansion in a similar 
way as we impose the normalization condition: 



{i){n)\i){n)) 



1 . 



Everything now looks simple except for the Hamiltonian that when written in terms 



of S"^ reads 



1 



H = Ho + \/, 

Ho = 

q=l a=l 

V = -j'j:\j:A^r'sisUq 

q=l a=l 



(4.20) 
(4.21) 

(4.22) 



^This step may be viewed as an analog of a covariant background-quantum field split in the sigma 
model . 
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where we introduced the 3x3 matrices 

A'^f^'' = Ru{na)Rij{na+,) - 6,, . (4.23) 

These are small if the variations of from site to site are small (i.e. ^dn are small) 
as we are going to assume below. 

The crucial point is that while the Hamiltonian now is more complicated it has 
naturally separated into "large" and "small" parts. Moreover, the state is an 
eigenstate of Hq. It is then easy to see that minimizing ('?/'|H|'?/') with respect to 
arbitrary corrections to the "ground state" gives the usual perturbation theory result 
where V is considered a perturbation of Hq. 

Let us briefly summarize how that happens. We consider a state 

|V;) = (l + co)|^)o+ E Cpb) + ... , (4.24) 

b)^|o) 

where |'?/^)q = |0) and \p) are eigenstates of Hq with energy e^. The mean value of the 
energy is, to first order. 



(^A|H|^) = eo + (Co + c*)eo + (0|\/|0) + Cp(0|\/b) + ^ c;{p\V\Q) + ^ \cXe, + . . . , 

p p p 

(4.25) 

where in our case eo = 0. Expressing co in terms of Cp by taking into account that 

(^|^/;) = 1 ^ co + c* = -E|cp|2 , (4.26) 

p 

and minimizing with respect to c* we get that 

|,)HV.>„-E^Ip)4E™;|0) + .... (4.27) 

p ep - eo I p {ep- eoj 

lYiom. here we get for the energy 

..«.W)^.o + (0|m-E™^^ + .... (4.28) 

p — eo 

which is the standard perturbation theory expression. The only difference is that in 
our case we should be careful to include in the sum over \p) only states such that 
satisfies the condition (j4.19p . 

Next, it is important to notice that since V in (j4.22p is quadratic in the spin 
operators we only need to consider states which differ from the ground state by just 
one or two spin flips. Those are precisely the states that we already discussed above 
in subsection 4.1, so that, up to corrections of order 1/J we have 

IV') = + + , (4.29) 

IV^), = Y.^k\k) + Y.(^kk'\kk') . (4.30) 

k k,k' 
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Then, to first order in the coefficients ak, akk', we can write condition (j4.19|) as 



(V^I^+IV^) = 4f E + - = , a = 1, . . . , J . (4.31) 

This implies that ak = 0, i.e. we only need to consider states with two spin ffips. 
Evaluating the energy (j4.28|) we get (remembering that here eo = 0) 

^ q=l a=l 

= -^E^E-^Sr' (4.32) 

^ 5=1 a=l 

t2 J „ik'(q'-q) 

where the factor 1/16 came from the fact that the indices +, — contract with coeffi- 
cient I and the factor 2/J^ - from the normalization of the states \kk') in (j4.(ij) . 



4.4 Taking the continuum limit 

Since the field n is slowly varying we can now take the continuum limit and expand 
the mean energy ()4.32|) or effective action in derivatives of n. In Appendix D we give 
the expansion of Al'^'^'^ in powers of qdn (this makes sense since q = 1,2 and n varies 
little between the neighboring sites). 

The ffist term with ^33 is the same as the naive coherent state expectation value 

(and is thus quadratic in n), while the leading contribution to is already 

quartic in derivatives. If we ignore the quantity e{k) — e{k') in the denominator of the 
last term in ()4.32|) . the sum over k + k' gives a delta function J6{a — a'). If instead 
we expand it in powers of {k + k'), non-zero powers will give rise to derivatives of the 
coefficients A and therefore to higher than fourth order derivatives. In view of that 
we can consider just intermediate states with k = —k' and ignore the contribution of 
the rest of the states. Using the relations from Appendix D 

= + |i++P = (^9n)4 + ...., (4.33) 

. -l(?^)\onr,i{^)\o^nr,.... (4.34, 

we get 

^ da 
e = J — 
Jo 2tt 
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doidnf + diid^nf + d2idn) 



(4.35) 



where 



do = ^j:\q\ ^i = 7?^EV, (4-36) 

^ q=l ""^ q=l 



4 = ~i:\V«V/„ (4.37) 

Here we have replaced the sums over k = 27rn/J, n = 1, . . . , J and over a = 1, . . . , J 
by the integrals: 

E — jT-^ E — jT-- (4.38) 

As follows from 



1 ,71^/1 3 \ TT^ A , , 

^°=8' ^^ = 6J^l4^-16^^j = 24J^-32- ^'-''^ 

Omitting the first (subleading at large J) term in di, we thus get the same coefficients 
as in (ITTHIl . dmill . 

Using ()4.5j) and expanding in powers of A we get for the third remaining coefficient 
(which, up to A factor, should be equal to the 02 coefficient in ()4.8j) ) 

X Z'"^, A2 + 8AiA2CosA; + 16A2 

d2 = A 02 = ^/ dk——^ — (4.40) 

8J2io Ai(f-cosA;) + A2(l-cos2A;) ^ ' 

= 1 ^ + ^^/ '^^-^nT^'^^ dk{3cosk + 5) + ... , 

iZJ'^ Jo 1 — cosK 2*7r JO 2^^7r'^ jo 

where we substituted the values of Ai and A2 from ()4.2p . 

Now few comments are in order. The first integral over k here is divergent. This 
is related to the fact that at this order the interaction V mixes two ground states and 
therefore produces an IR divergence. We could correct this using perturbation to a 
degenerate level, but, in any case this contribution is of order so it is subleading 
in the limit J — > 00. The second finite term gives precisely the same coefficient 

a2 = — X - , (4.41) 
32 4 ' ^ ' 

as required for the agreement with the string result in ()2.86|) . 

One may worry though about the third and higher terms in the above expression 
that seem to dominate in the large J limit. However, since we did not include higher 
order (three-loop, etc.) terms in A in the Hamiltonian ()4.H) the above computation 
does not properly account for the terms of order A^. All such singular terms in d2 
should cancel after we include all the terms D^s (n > 3) in the dilatation operator 
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(jnHj). In fact, as we saw in the previous section IHl there is a similar singular (dn)'^ 
contribution ()3.2Up coming from the naive continuum limit of the 3-loop operator 
Dq. However, to carefully check the cancellation of such singular terms we should 
also include other quantum corrections coming from Dq. Assuming the required 
cancellations occur to all orders so that the coefficient of (dn)'^ is simply given by 
(|4.4ip . we end up with the following expression for the effective action to the 4- 
derivative order 



J 



dt — <^ -(dnY 

27r I 8 ^ ^ 32 



0(3^ n) 



(4.42) 



which is in perfect agreement with (IT7K|) . . or 

As a final comment let us note that if we would have done the above calculation 
for a spin chain with an arbitrary spin s representation for the SU{2) generators the 
coefficient ai would have been multiplied by and the coefficient 02 ^ by s. This 
suggests that the 02 (9n)^ term we computed can be interpreted as a 1/s correction in 
the large s expansion. It will be interesting to pursue this issue further since it might 
indicate that the same calculation can be done directly in a (regularized) continuum 
sigma model set up. 



5 Folded string solution: a check 

As a check of the action ()4.42|) we have derived both from string theory and the 
spin chain let us show that it indeed correctly reproduces the second-order (A^/J^) 
correction in the expansion of the classical energy for the folded string solution [T^ll2j . 
On the spin chain side the same "two-loop" term was found using Bethe ansatz 
technique in PU] . 

At lowest order this check was performed in |2Ij where it was shown that the 
corresponding solution of the LL equation of motion ()1.7p following from the first and 
second derivative terms in (|4.42p was given by 

(p = ujt, 9 = 9{a), (5.1) 

with 

dx6 = \JaQ + hQ cos 6 , (5.2) 

where 9 and are polar coordinates for the unit vector n (see fl3.12|l ). The integration 
constants and 60 should be expressed in terms of the angular momenta J = Ji + J2 
and S3 = (J2 — -^i)/2, through 

J = Ji + J2 



, fOo de 
4 / = 

Jo V flo + ^0 cos 6 

f^o cos 9 dd 
-2 / — 
Jo -v/ao + 60 cos 9 



(5.3) 
(5.4) 
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Here 6q = arccos(— ao/6o) (we assume bo > \ao\). After that, the energy is computed 
by substituting the values of oq and bo into 

E = ^ Jao + bocos9 d9 . (5.5) 

All these integrals can be done in terms of elliptic integrals and reproduce the term 
of order A/ J as obtained by expanding the energy of the exact folded rotating string 
solution |T^ . 

To extend this to the next order we shall start with the action fl4.42j) . Here it 
is useful to rescale back the time t and to reintroduce A = J^A. We also define the 
coordinate x = ^a. The length of the chain is now J. In this way we get an action 



. r A A2 



which leads to the modified Landau-Lifshitz equations: 



(5.6) 



A A^ 

dm = -n X din H -n x dtn 

167r2 1287r4 

+ ^^g^4 {{d^nfnx dln + 2[{d^n)dln]nx d^n} . (5.7) 

It is straightforward to check that the same ansatz ()5.H) satisfies these equations of 
motion provided 

A '^A^ A^ 

+ ^^g'j - ^jgjrs'j + —,aio ^ . (5.8) 

We can simplify the equation by using 6 as an independent variable and introducing a 
new function u{6) = {d^Oy. The resulting equation can be integrated once resulting 
in 

- 2567r^w cos 9 + SAtt^ - -A^n^ + X'^(uu" - -u'^) = a (5.9) 

4 4 

where we used primes to indicate derivatives with respect to 9 and a is an integration 
constant. In spite of being simpler this equation cannot be integrated exactly. Doing 
a perturbative expansion in A (which is here equivalent to expansion in A) we get, to 
lowest order 

^0 , QO 2 a , SOqA , or, 2\ 2 , 5aoAt^o ^ , ino\ 2 2 2 /) , 

u = — - + 32n uo cos 9 H -p— ^ + 32n XlJq H — cos 9 + 192 An lJq cos 9 + . . . 

(5.10) 

Here we defined a = Xao and u = Xuo to reflect the fact that u and a are of order A. 
Eq. ()5.1()j) is required only to know the relation between the parameters of the solution 
and the angular velocity u. For all other purposes we can simply write the solution, 
at this order, as 

u{9) = {djy = a + bcos9 + ccos'^9 , (5.11) 
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with 



^\b^. (5.12) 



167r2 

The constants a and b follow from the condition that J and S3 are fixed. We can 
compute them in an expansion a = ao + ai + . . ., b = b^ + bi . . ., c = Ci + . . . where Oq, 
bo are the constants in ()5.2|) . The other constant c is already of order since there 
is no cos^ 6 term at lowest order. 

The fact that we perturb the solution keeping J and S3 fixed implies that 

'0 (5.13) 
(5.14) 



\/a + b cos 6 + c cos^ 6 Jo y^ao + b^ cos 9 
cos 9 (19 r^" cos 9 d9 



'0 ^/a + bcos9 + c cos^ 9 Jo V^o + ^0 cos 9 

where, on the left hand side, 9i is a zero of the denominator, a + 6cos6'i + ccos^6'i = 0. 
A straightforward but lengthy calculation that we describe in Appendix E shows that 
this actually implies that at order one also has 

^ ' Va + bcos9 + c cos2 9 d9 c:^ J " + 60 cos 6* d9 . (5.15) 

This means that the energy evaluated from the term with two derivatives {i.e. ~ 
(OxfiY) is, at order A^, the same for the lowest order solution {dx9Y = Oq + 60 cos^ as 
it is for the corrected solution {8x9)"^ = a + 6 cos 9 + ccos^ 9. Therefore, the only non- 
vanishing A^ contribution comes from the evaluation of the term quartic in derivatives 
on the leading-order solution. This gives for the corrected energy 



eo = 7 / dx 

5127r4 io 



idl9f + \{dx9r 



which, when evaluated on the unperturbed solution, becomes 



A , fSo d9 

62 = 4 / 

5127r4 Jo dx9 



{dl9f + \wY 



(5.16) 



(5.17) 



A2 al + bl + 2aobo cos 9_^^ 



5127r^ Jo y/ao + bo cos 9 

= ^^K^{(l-2xo)Eo+(l-xo)'Ko} (5.19) 

where Eq = E(a;o) and Kq = K(xo) are standard elliptic integrals and 

xo = . (5.20) 

This is in perfect agreement with the results obtained from expanding the energy of 
the exact rotating string solution to this order ^lElED]- * 



* Similar result confirming the action (|4.42|) by comparing to the energy of folded string solution 
was independently obtained by A. Dymarsky and I. Klebanov (unpublished). 
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6 Concluding remarks 



In this paper we have shown that, up to order A^, the anomalous dimensions of 
"long" two-scalar operators in SYM theory can be obtained from a semiclassical 
"string" action that precisely agrees with the expansion, to the same order, of the 
string sigma model action in R x G AdS^ x S^. Furthermore, we have shown 
that, if one is able to compute the dilatation operator to all loops, then one can use 
a systematic procedure to reconstruct a string action from gauge theory. 

Although this suggestion was already made in [21] based on order A calculation 
and previous results of ^ElE]; the general procedure turns out to involve some novel 
and non-trivial steps which are crucial to obtain agreement between gauge theory and 
string theory predictions already at the first subleading order A^. 

The main idea is that comparing the actions gives a map between configurations 
on both sides of the AdS/CFT duality and therefore contains much more information 
than the comparison of energies of particular solutions. Since one has to match not 
only the conserved charges (total energy and angular momenta) but to actually map 
the variables on one side to the variables on the other side, gauge choices and field 
redefinitions turn out to play a significant role. Our gauge choice on the string side 
is motivated by the fact that the angular momentum is uniformly distributed along 
the spin chain. Moreover, comparing other SO (3) conserved charges also suggests the 
required field redefinition which one can make in a systematic order by order way. On 
the spin chain side, we found that a naive semiclassical limit was not sufficient since 
high energy modes contribute to the low energy effective action starting at order A^ 
(producing terms of quartic and higher order in the field). 

Given the non-trivial agreement between the spin chain and string effective actions 
at the two leading orders it seems natural to conjecture that, if one could sum the 
whole perturbative series on the gauge theory side, the resulting effective action would 
agree with the usual classical string action in R x sector of AdS^ x S^. 

On the other hand, the simplicity of the original "unexpanded" Polyakov's string 
action in Rx seems to suggest that there may be other more efficient methods of 
extracting relevant "string" information from the gauge theory side. In particular, let 
us mention that the idea of a low energy effective action for the Heisenb erg-type spin 
chain is much more powerful than what we actually used here. For example, using 
the BMN result on the gauge theory side ^1 EHl one can immediately fix all (higher- 
derivative) terms quadratic in n in the action. One may expect that the coefficient of 
the leading quartic term ((9n)^ we have computed here may be implicitly determining 
the coefficients of all other higher derivative terms quartic in n. 

Leaving aside the possibility of an all loop summation, there are many directions 
one can investigate to put these ideas on firmer ground. In particular, one would 
like to understand the role of subleading 1/J corrections. They should correspond 
to quantum a' corrections on the string side (for which fermionic terms become im- 
portant P). The fact that the classical actions agree does not a priori guarantee the 
agreement of these subleading terms. It would also be interesting to understand the 
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map between string configurations and operators at higher orders. Let us recall how 
it worked at lowest order |25: given a string configuration n{a) on the string side (in 
the coordinates of section 2) one constructs a spin chain Ha I'^a) with coherent states 
(by discretizing n{a) — * Ua). Then one simply writes this state in the basis | t) and 
I I) of spins and identifies | t) — X, | |) F. This gives a particular operator in the 
SYM theory that corresponds to the given string configuration. At the next order, 
that we analyze in the present paper, the map is already more involved since there 
is a field redefinition we need to do to put the string action into the form required 
to match the spin chain effective action. The field redefinition is suggestive of an 
identification between the mean value of the spin and the charge density associated 
to rotations on the string side. Presumably, a better understanding of the map at 
higher loops would require making this identification precise. 
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Appendix A Redefining away time derivatives 

Let us explain the general procedure of elimination of time derivatives from the action 
()2.77|) by local field redefinitions order by order in including the first two orders 
in expansion. The key point is that the variation of the leading term in the action is 
proportional to don. Let us consider a general Lagrangian of field rij of the following 
structure 

L = Lo + eLi + e^Ls + . . . , Li = hiL'^ + (Li)o , L2 = + (^^2)0 , (A.l) 
where terms with 

r/ _ ^^0 
^° = ^ 

are proportional to leading-order equations of motion (in our case these are the terms 
containing doUi). The notation (. . .)o is used for terms obtained by applying leading- 
order equations of motion to eliminate don in terms of spatial derivatives, bn may 
depend on n and its derivatives, e is a small expansion parameter {y in our case). 
The idea is to make a field redefinition (we shall omit tilda on redefined fields) 

n n + errii + e^m2 + . . . , (A. 2) 

so that to eliminate the above Lg-terms. Expanding in e 

L =[Lq + eLgmi + e^Lgm2 + ^e^Lgmimi + 0{e')] 

+ e[hL'^ + (Li)o + e6iL>i + eh'^niiL'^ + e((Li)o)'mi + 0{^)] (A.3) 
+ e2[62L[, + (L2)o + 0(e)] , 
and requiring mi = —hi we get 

L = Lo + e(Li)o + e^U + ©(e^^) , (A.4) 

L2 = ^0(62 + m2 - m[mi) - ^eLgmimi + ((Li)o)'mi + (L2)o • (A. 5) 

The remaining Lq term can be canceled by a proper choice of ni2 term in the redefini- 
tion. In the case we are interested in, Li is quadratic in time derivative, i.e. contains 
a term quadratic in Lq. Also, Lq may contain (up to integration by parts, and up to 
extra spatial derivatives) a term proportional to L'q, i.e. 

mi = -bi = CiL'o + (mi)o , Lq = CiL'q + {Lq)o , 

where (. . .)o again means part obtained by using the leading-order equations of mo- 
tion. Then (IA.5I) becomes 



1)2 + m2 — m\mi 
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- eLoCi(mi)o - ^eLoLgCiCi + ((Li)o)'ci - ^ei(mi)o(mi)o 

- ^(L'o')o(mi)o(mi)o + ((Li)o)'(mi)o + (^2)0 • (A.6) 

Choosing 62 to cancel the first bracket proportional to Lq we are left with the following 
expression for the second correction after the required field redefinition. 

U = {L2)o + ((Li)o)'(mi)o - ^{LMmMmi)o • (A.7) 

It is thus not enough to drop terms in L2 proportional to leading order equations of 
motion (i.e. to consider its (^2)0 part) and also to include a variation of the first-order 
correction {L[ term): one also needs a term with second variation of Lq (with the 
opposite sign to the one that would correspond to the expansion of Lq term in L). In 
our case of ()2.77p 

Lo = Co- l{d,nf , L, = l(aonO' + ^i^ln^r , (A.8) 

L2 = -^[{donid,n,y - ^{don^yidirik)^ + j^{d,n,din,f] , (A.9) 

(Lo)i = ^eijkrijdoUk + ^{dlni)± . (A. 10) 

To eliminate time derivatives to first order we need to do a field redefinition with 

mi = -^[^eijkUjdonk - ^(<9ini)±] , (mi)o = ^{dlni)_i . (A.ll) 

That gives Li {Li)q, i.e. the expression in (j2.86|) (again omitting tilda on redefined 
fields) 

(Li)o = -Hi = ^in'" - , n[ ^ dm, . (A. 12) 

Below we shall need the relations following from = 1 (prime on n will stand for 
c^i): riifi'l = —n'fi'^ and 

{nn'y = -2n"n' , nn'" = -3n'n" , (e,,fcn,n;.n'^)2 = n'^n"^ - {n'n"Y - n'^ , 

(A.13) 

as well as 

n'^n'n'") = -2{n'n"Y - n"{n"f - {n'^'n")' . (A.14) 
Using the leading-order equation of motion we have 

{donfn'^ = ^(n"2 - n'^)n'^ , (n'^on)^ = ^[n'^n^ - (n'n")' - n^] , (A.15) 
so that 

(L2)o = -l^[\n'V - ^{n'nr - ^n'^] . (A.16) 
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We also find by direct computation (using integration by parts) 

{{Li)onm,)o ^ ^(mOo = -^[n"" - ^nV - + ^n''] . (A.17) 

on 64 2 2 

Finally, we need to compute 



(A.18) 



1 

~ ~64 

where (...)o again means that we are allowed to use the leading-order equations to 
eliminate time derivatives in favor of spatial ones. We then find, using ()A.14|) and 
ignoring total derivatives 

- i(L'o')o(mOo(mOo = -^[^^"^'" - i^'^")" " l^"] ■ (A.19) 

Combining the above three contributions together we end up with the following ex- 
pression for 1/2 in (jA.7|) 

L2 = -H2 = - — - - —(n'ny + — n'^l . (A.20) 

64^ 4 2 ^ ^ 16 ^ ^ ' 

Appendix B Some useful relations 

To simplify the expression for in (|3.4j) . (|3.6p (i.e. to eliminate terms with repeated 
spins) we used the fact that spins at different sites commute, and also the special 
relation between the spin 1/2 SU{2) generators Si = \ai 

2S:Si = [SI Si] + {SI Si} = ze^^'S'^ + ^6^^ . (B.l) 

This implies 

iS^-Sh)iS,-S,) = ^Sa-S.+ '-e'^'SiSiS', , (B.2) 

11 1 

{Sa ■ Sb){Sb ■ Sc){Sc ■ Sd) = — 5'a ■ 5*^ + -{Sa " Sd){Sb ■ Sc) — -J^Sa ■ Sc){Sh ■ Sd) 

16 4 4 

+ '-e'^'SiSiiS^ + S',) , (B.3) 

and similar relations. 

In taking the continuum limit we noted that 

-| 00 m I m—l 

iVa+p,a+. = -(n.4-p-W^ - -EE ;,L_n, ^'^•^'""'^ 
^ m=2 1=0 V'^ '')■ 
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= ^ — Tr^yon) H [on ■ o n) H [o n) 

2 2 8 

H [On ■ o n) + 0[0 n) 



= - ^^^{d'n)^ + + 0{d'n) , (B.4) 

where (9 is derivative over x = -^a. We omitted total derivatives and used various 
identities following from n^ = 1. /^From this we also find (again, integrating by parts) 

Na+p,a+qNa+r,a+s ^ ^^ip - - sf {dn)^ 

+ ^(P ~ (lYi'i^ ~ s)'^{p + q){r + s){dn ■ d'^n)'^ 

+ — (p — g)^(r — s)'^[{p + g)^ + (r + s)^ — PQ — rs]{dn)'^{dn ■ d^n) 

+ — (P - q?{r - s)^\{p + qf + (r + sfMdn)^ {8^ nf + 0(9«n) . (B.5) 
16 

Appendix C Continuum limit of coherent state 

values of product operators 

Let us repeat the computations done in section El for the following expectation val- 
ues of the products of D2 and D4 operators in ()3.1|) .* Let us define (subtracting 
disconnected parts of correlators) 



D2r = D2r - {n\D2r\n) , (C.l) 



and consider 



= {n\D^\n) = {n\{D2f\n) - {{n\D2\n)f , (C.2) 
Ke = ^{n\{D2D^ + D^D2)\n) 

= ^{n\{D2D^ + DiD2)\n) - {n\D2\n){n\D^\n) , (C.3) 
K, = {n\{D2)''\n) 

= {n\{D2)''\n) -3{n\{D2)''\n){n\D2\n) + 2i{n\D2\n))'' . (C.4) 

One could expect a priori that since each D2r factor involves a sum over sites, con- 
tributions of their products will be non-local in the continuum limit. However, the 



*Although outside the main line of development of this paper, we include these results partially 
motivated by analogous remarks in |26[ 1201 ■ 
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above "connected" parts turn out to contain local terms which are very similar to the 
ones present in {n\Dii\n) ()3.15p and {n\DQ\n) ()3.20p . 
Let us start with K^, i.e. (cf. fpr7j) . (pni|) 'l 

J J J 
^4 = E E (^1(1 - ■ - a, ■ - E (^1(1 - ■ cra+i)\n)f . (C.5) 



a=l 6=1 



6=1 



To evaluate this we split the sum over h in the first term into 3+1 terms: with 
b = a, b = a + 1, b = a — 1 (whose sum will be denoted as K^^^) and the rest (denoted 
i^f ^). The latter is given by (cf. (jSIISI)) 



4'^=E E Na,a+lNa,a+l-{Y.Na,a+l] 
a=l b=^a,a±l a=l 



J J 



J 



J 



J 



= - E Na,a+l{Na,a+l + iVa-l,a + iVa+l,a+2) = " E Na,a+l{Na,a+l + 2iV,_i,,) . (C.6) 
a=l a=l 

The sum of the first three terms can be written as 



= E (^1(1 - • ^a+i; 



a=l 



[l-aa- CTa+l) + 2(1 - aa-l ■ CT^) 



(C.7) 



where we combined the terms with b = a — 1 and 6 = a + 1 by changing the summation 
variable from a to a + 1 (in view of the periodicity of the chain). Simplifying this 
using ()B.1|) . ()B.2|) we get (note that ^^•^''n'^Tia-i'n'^^i gives vanishing contribution) 



J J 

= E (^1(6 - • aa+l + 2aa ■ CTa+2)\n) = 2 E(4iV,,„+i - Na,a+2) . (C.8) 

a=l a=l 



Comparing this to (|3.7|) we conclude that 



(n|(D2)V) - {{n\D2\n)f = -2{n\Di\n) + K. 



(2) 



(C.9) 



The continuum limit is then found to be (including the factor and separating the 
overall power of J with the integral over a as (j3.2!2p ) 



(4vr) 



da 



Ap(9in)^ + 0(-i9,M 



(C.IO) 



i.e. (cf. drUl)) 
A2 



(477) 



[{n\{D,y\n) - {{n\D,\n)y 



J 



l~X^[^OlnY_-{^^ny] . (C.ll) 
27r 16 ^ ^ 4^ ^ ' ^ ^ ' 



It is a surprising coincidence that the local part of the coherent state expectation 

1 A2 

2 (47r)2 



value of the operator —\T^yi{D2Y is thus the same as required to match the string 
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theory expression in ()2.8fi|l . Note also that as in {n\D^\n) in here there is no 

"sub leading" {dfnY term that would spoil the scaling limit. 
Similarly, we find 



J 

E 

a=l 



a+1 



12N, 



a,a+2 



2N, 



a,a+3 



+3J , (C.12) 

which has similar structure to (minus) (n|De|n) in ()3.16|) . In the continuum limit 
then 

_ r^^ da 1 

io 2^ 64 



(4vr) 



(27r) 



7 2^ 1 

{dlnf + -{d,nf{dlnf + -{d.ndlnf + 0{—dln) 
b 6 J'^ 



(C.13) 



A much more involved computation gives 

A3 



(4vr) 



J 



A^r 
2^ 64 



(27r) 



+ 2{dlnf - ''-{d,nf{dlnf - 22. (^d^nd'^nf + 2(d,nf + 0(— 9^) 



(C.14) 



The linear combination K'q = \{D4^D2 + D2D4 



thus has the coherent state 



'6 ~ 2V-^4-L^2 "T -l^2-'-^4j 

expectation value that does not contain the "scaling- violating" J^{din)^ term. Note 
that it contains (din)^ term (that was absent in the expectation value oi Dq in (j3.2ip ). 

The above discussion may serve as an indication that a proper account of quantum 
corrections may produce an effective spin chain action whose continuum limit will 
match the string theory result at the six-derivative order ()2.89|) . 



Appendix D Rotation Matrices 

Here we compute the matrices Aij that appear in section|3]and were useful to calculate 
the quantum corrections to the action. By definition they are 

Aij = Ru{na)Rij{na+q) - 6ij = (R~^{na)R{na+q)) . . - 5ij , (D.l) 
where R is the matrix of the rotation 

Ri^{na) = e-^^-^-e"^^"^^ (D.2) 

in the vector representation. The angles (pa and 6a are polar coordinates of fia (see 
()3.12|) ). The 3x3 matrix Aij can be evaluated as: 
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resulting in 



^11 


= COS 9 cos 9' cos A0 + 


sin 6* sin 9' 


-1 , 


^12 


= — COS 9 sin /I 


^13 


= cos 9 sin 9' cos A0 — 


sin cos 9' 










= sin A0 cos 6'' , A22 


= cosA0 


-1 , 


^23 


= sinA0sin^' 


Azi 


= sin ^ cos 9' cos A0 — 


cos 6' sin 9' 


, ^32 




- sin 9 sin A0 , 


^33 


= sin 9 sin ^' cos A0 + 


cos ^ cos 9' 


- 1 . 







:d.4) 



where for brevity we defined 9 = 9a, 9' = 9a+q and A0 = (pa+q — (pa- Since the 
background field is slowly varying we can expand it in derivatives. The components 
relevant for the calculations in section E] are: 

A++ = A*__ = {An - A22) - i{A^2 + ^21) ^ + • • • (D.5) 

A33 = rI.n.+.-l--^(^)'(5.rI)^ + ^(^)'(5^n)^ + ... (D.6) 

with ^ 

i++ = + sin^ 9{d,4>f + 2i sin 9da9da^\ . (D.7) 

In we omitted total derivatives since ^33 appears in the action integrated over a. 
Notice also that 

|2 



\A 



++I 



) {d^nf . (D.8) 



Appendix E Integrals for the folded string solution 

Here we want to prove the fact, used in sectional that the energy at order does not 
receive any corrections from the term in the action which is quadratic in derivatives. 
This is tantamount to showing that eqs. ()5.13|) . ()5.14j) imply also that at order 

J ^ Va + bcos9 + c cos2 9 d9 c:^ jj + ho cos 9 d9 . (E.l) 

On both sides the upper limit of integration is a zero of the corresponding function 
under the square root. To check this fact we need to evaluate the following integrals* 
for small c: 

d9 [2 ih'^ -2a^ + ah)K + 2(2a'^ -h'^)E 
—j^^^^^=^^^^^= \ -K + - - - c+... 

y/a + b cos 9 + c cos^ 9 \b V2blib- 



'2 -a2 



*These integrals can be evaluated exactly in terms of standard elliptic functions E(x) and K(x) 
and then expanded for small c. 
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cos6' d9 /2 , ^ ,^ , 

'-{2E-K)+ (E.2) 



JO y/a + b cos 9 + c cos^ 6' V ^ 

(62 - 4a2)i^ + (8a2 + 2a6 - 362)^ {b^ - 2a^ + ab)K + 2(20^ - b'^)E 
^ "3 bi{a + b) V26i(fe2-a2) ^ 

J^'' Va + 6 cos g + c cos2 dO ^ sj^ (aK + &(2E - i^^)) + ^^"^ "^g^^^I ^"^ c + . . . 



where we defined 



with and E{x) being standard elhptic integrals. In these expressions we should 
replace a = ao + ai, b = bo + bi and expand the result at first order in ai, bi. 
Demanding that this first order terms in J and S3 cancel against the contributions 
proportional to c gives 

ai {bl + aobo - 2al)Kl + (6^2 - %al)El + (Sag - 2aobl - 6bl)KoEo ,^ 
- (ii.4j 



c 36o((&o - ao)Ki + 2{bo - ao)Ko^o + ^boE^ 



?2 
'0 

bl _ ^{hl + aobo - 2al)Kl + 2ao6o^o + (4«o - 2&o - 2ao6o)i^o£^( 

c 



36o((6o - ao)Kl + 2(6o - ao)A^o^o + 26o^o') 



(E.5) 



where now 



Applying the same procedure to the energy and using the values of ai and bi we have 
just obtained it is easy to show that the first correction also cancels. This means that 
the term quadratic in derivatives gives no correction to the energy at order A^. 
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